Based on a published catalog of 355 quasars with significant optical linear polarization, it is shown here that the distribution of polarization directions is skewed, preferentially toward one location in the sky and away from a second. To show this, we calculate the average polarization angle as a function of position. The function makes a clean quadrupole on the sky offering the opportunity to apply multipoles including their spherical harmonic, Maxwell vector and symmetric tensor representations. The evidence suggests that observed polarization directions of optical quasars are not independent over very large angular scales, thereby confirming similar conclusions by others.
Introduction
Given a quasar at position Q on the sky and some other position H on the sky, the direction 'toward H' at Q is along the great circle connecting Q to H. A polarization vector V at Q makes an angle η with the direction toward H. The angle η is the polarization angle referenced to position H. Given a collection of polarized quasars, we can see if there is a tendency for their polarization vectors to skew toward H by averaging the angles η.
We use a published catalog of N = 355 significantly polarized optical quasars (QSOs). [1, 2] Each quasar is listed with its known position Q i and polarization angle referenced to North θ pi , i ∈ {1, ..., 355}. For any given position H, we can calculate the angles η i that the polarization vectors make with respect to the direction toward H. The function we investigate is the average polarization angle η 355 (H), averaged over all 355 of the QSOs in the catalog. We find that the average polarization angle function η 355 (H) has both maxima and minima at various positions H in the sky; the polarization vectors skewing toward some positions and away from others.
As described in Ref. 1 and 2, the catalog was compiled over the course of three papers investigating possible nearest-neighbor alignments of optical polarization vectors. The QSOs selected are located at high-latitudes > 30
• in galactic coordinates and have significant > 0.6% linear polarization with well-determined polarization directions with uncertainties of less that 14
• . "If we assume that the field star polarization correctly represents the interstellar polarization affectingmore distant objects, then interstellar polarization in our Galaxy was shown to have little effect on the polarization angle distribution of significantly polarized (p > 0.6%) quasars." [1, 3] The researchers found interesting activity in roughly 20% of the sky, they dub regions "A1" and "A3", which led them to emphasize those regions. The result is a catalog with half the objects covering regions A1 and A3, about 20% of the sky. A more extensive collection would better suit our purposes here.
Motivation for the calculations in this article started with reports of unexpected alignments of the quadrupole, octupole and other low multipoles of the Cosmic Microwave Background temperature field. [4, 5, 6] These multipoles have an uncanny affinity for the Ecliptic.
QSOs are far away, though not as far as the CMB sources, and their polarization vectors point in specific directions. One can toy with the hypothesize that the polarization vectors of QSOs could favor the direction of the Ecliptic. To test this, the function η 355 (H) was constructed that measures the average polarization angle toward a given direction. The test successfully finds preferred directions that show interesting alignments, but with the Equatorial coordinate system, not with the Ecliptic plane.
We find that the deflection of polarization vector effect is dictated by the QSOs in regions A1 and A3 where previous researchers found mutual alignments. The sparsely covered other 80% of the sky with less than half the QSOs in the catalog produces a pattern that has some indications of an effect, but the pattern is too close to random results to be significant. More data over wider regions of the sky is needed to see if polarization vectors are skewed in any direction over extremely large scales.
The function η 355 (H) forms a neat quadrupole pattern superimposed on a constant average valueη 355 , the monopole. The function is symmetric about the origin by construction, implying that there can be no contributions from a dipole or octupole since these are odd functions of H. In addition to the spherical harmonics, [8] we evaluate the pattern with Maxwell vectors [9, 10, 11] and in terms of a symmetric, traceless, second-rank tensor. [12] One can understand more about the pattern by looking at the distributions of the 355 polarization angles at various positions H.
For an ordinary position H away from both the maximum and the minimum regions, the distribution of the 355 angles η i is close to the uniform distribution of 355 evenly spaced angles from 0
• to 90
• . See Fig. 4 . So, away from the extrema of the function, the distributions are consistent with a random distribution of polarization directions.
At H min and its diametrically opposite position, where the polarization function is a minimum, one finds the greatest deviation from the straight-line uniform distribution. The deflection is not hap-hazard, but distorts the straight line into a parabolic curve. See Fig. 5 . Similarly, at the function's maxima, H max and −H max , the distribution arches above the straight line of the uniform distribution. The parabolic shape itself suggests that there is a physical explanation.
In Ref. 1, the alignment of nearest neighbor QSOs was investigated. They found evidence for a large scale mechanism affecting the polarization in transit. In this article, the quadrupole pattern of the function η 355 (H) also suggests some large scale mechanism is influencing the polarization directions. However Ref. 1 focused on subsets consisting of neighboring QSOs, while the investigation here is catalog-wide and sky-wide. Different approaches yield similar results.
In Section 2, we discuss how the 355 polarization vectors located at 355 QSOs form the polarization angle function. In Sec. 3, we analyze the multipole expansion of the polarization angle function. We calculate the parameters needed to represent the function by spherical harmonics, by Maxwell vectors, and as a symmetric traceless tensor. All three representations simplify in a preferred coordinate system. In Sec. 4, we describe the distribution of polarization angles at positions in the sky where function has a near-average value, as well as at the positions where the function has minimum and maximum values. In Sec. 5, we see that the sharpest pattern originates with the 183 QSOs in the favored regions A1 and A3. The pattern from the 172 other QSOs hovers around random. More data from the sky outside of A1 and A3 is needed to determine whether there is a large scale effect in that part of the sky.
THE POLARIZATION ANGLE FUNCTION

2 The polarization angle function
For each QSO in the catalog, the listed polarization angle θ is the angle counterclockwise from local North to the polarization direction. North is just one position in the sky. We can calculate the polarization angle referenced to any position H. Then averaging over all QSOs gives a function of position in the sky that we can use to see if the polarization directions favor any particular region of the sky.
At the QSO the direction toward some position H is along the great circle connecting the QSO with H. See fig. 1 . We determine the angles η i (H), i ∈ {1, ..., N}, between the polarization direction and the direction toward H for every QSO in the catalog. See Fig. 2 . The average of the 355 angles forms the function η 355 (H), a measure of the tendency of the polarization vectors to point toward the position H in the sky.
Because the great circle that contains H also contains its diametrically opposed position, the function η 355 (H) is symmetric about the origin by construction, η 355 (H) = η 355 (−H).
We outline the calculation for clarity. Denote the direction from the origin (Earth) to a position on the sky by a unit 3-vector in rectangular equatorial coordinates, r =r(α, δ) = {r x ,r y ,r z } = {cos α cos δ, sin α cos δ, sin δ} ,
here α and δ are the Right Ascension and Declination in the Equatorial coordinate system. Let the position H in the sky be the unit vectorr H =r(α H , δ H ) and let the ith QSO be in the direction of the unit vectorr i =r(α i , δ i ). Denote by φ Hi the angle between the two directionsr H andr i ; we have cos φ Hi =r H ·r i . It follows that at the ith QSO on the sky the unit tangent vectorŝ Hi along the great circle toward H iŝ
We can show this quickly: Clearly, as a sum overr H andr i ,ŝ Hi is in the plane of the great circle. The scalar productŝ Hi ·r i = 0, soŝ Hi is perpendicular tor i . Finally, a short calculation shows thatŝ Hi ·ŝ Hi = 1 and soŝ Hi is a unit vector. Local North at the ith QSO is the vectorŝ N i in (2) with North the direction {0, 0, 1} and the angle between the QSO and North is φ N i = 90
• − δ i , where δ i is the declination for the ith QSO.
Given local North and the tangent vectorŝ Hi along the great circle toward H by (2), we can obtain the angle θ Hi between the local North and the tangent vector. Thus cos θ Hi =ŝ Hi ·ŝ N i .
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Many angles have the same cosine. Let θ Hi be the angle between 0
• and 180
• measured clockwise from the local North direction with East to the right. This matches the way polarization angles are specified in the catalog.
Both the polarization direction at the ith QSO and the tangent to the great circle toward H are 'non-oriented' bidirectional straight lines that intersect at the QSO. We take η i (H) to be the acute angle, 0
• , from one straight line to the other. See fig. 2 . For the case with θ Hi larger than the polarization angle θ pi and with the difference less than 90
• , we have η i (H) = θ Hi − θ pi . More generally, we use
which is the minimum of the two positive angles and therefore the acute angle. A smaller value of η i (H) means the polarization and the tangent are more nearly parallel.
Each position H on the sky determines 355 angles η i (H), one for each QSO in the catalog. We calculate the average of these 355 angles, η 355 (H),
where the sum is over all N = 355 QSOs in the catalog. The angle η 355 (H) measures how much the polarization angles at the QSOs differ from the local direction toward H, averaged over the catalog. In practice, the value of η 355 (α, δ) was calculated every 2 • in δ and every 2 • /(cos δ + 0.01) in α. The factor (cos δ + 0.01) keeps the intervals at about 2
• in longitude for any latitude with a small number 0.01 included to avoid infinities at the poles, where cos δ = 0. A linear interpolation of the table was used as the function η 355 (α, δ). [7] We determine uncertainties in the calculated results by using the tabulated uncertainties of polarization angles in the catalogue. The uncertainties in position of the QSOs in the sky and any other sources of error are ignored.
The calculations were run 16 times in order to obtain uncertainties for the various numerical results. In each run the 355 polarization angles θ i were varied by adding a random number R, −1 ≤ R ≤ +1, times the tabulated uncertainty σ θ i , θ i = θ best + Rσ θi . The uncertainty in any calculated result is the standard deviation of the values for the 16 runs. The displayed value is the best value calculated using the polarization angles listed in the catalog plus or minus the uncertainty. For example, the Right Ascension of H min is presented as • is the best value, not the mean of the sixteen values, which is 145.6
• . When the uncertainty is not written, assume the uncertainty to be at most plus or minus one-half the least digit.
For the function η 355 (H), the uncertainty σ η (H) can be taken to be
the same value for any position H over the whole sky.
In addition, we analyzed fake data to see what random angles would produce. In 16 runs, the observed angles θ i were replaced by random values between 0
• keeping the 355 QSO positions fixed. The results are needed in Sec. 5.
The Quadrupole
It is apparent from the plot of the function η 355 (H) on the sky in Fig. 3 that there is a pattern. The function has two below-average-value regions and two above-average-value regions. Since the great circle that contains H also contains −H, the function is symmetric about the origin, η 355 (H) = η 355 (−H). The minima occur at H min and −H min and the maxima occur at H max and −H max , where
In 
The peak-to-peak range of the function is much larger than the uncertainty. The max-min difference of the function η 355 max − η 355 min is 49.47
• ≈ 20 σ η . Thus, the peak-to-peak range of the function is twenty times the uncertainty in the function.
We analyze the pattern with a multipole expansion. By using great circles in the construction of the function η 355 (H), one guarantees that the function is even inr, η 355 (r H ) = η 355 (−r H ). The lth multipole is a homogeneous polynomial of degree l in components ofr, so only even l multipoles should contribute. The multipoles can be represented by spherical harmonics, by Maxwell vectors, and by symmetric traceless tensors.
Spherical Harmonics. To avoid complex numbers, the real form of the spherical harmonics is used, denoted 'Y l real m ' and known as 'tesseral spherical harmonics'. Essentially, sines and cosines replace the phase factors exp (imα) in the conventional complex-valued version, i.e. sines for m < 0 and cosines for m > 0. The five real-valued spherical harmonics, for the quadrupole l = 2, [8] are defined by
where k = 15/ (16π) and we use (1) to introduce ther(α, δ) components {r x ,r y ,r z }. These spherical harmonics are orthogonal to all non-quadrupole poles, l = 2, and are orthonormal among themselves. With m ′ , m ∈ {−2, −1, 0, 1, 2}, we have
where the Kronecker delta δ m ′ m is one when the m ′ and m are equal and zero otherwise. Expanding the function η 355 (H) = η 355 (α, δ) for the position H(α, δ) as a sum of spherical harmonics, we get
where we show only the monopole (l = 0) and quadrupole (l = 2) and lump all other multipoles in the remainder ǫ . The remainder ǫ has a root mean square value taken over all H of ǫ rms = 0.61
• which is just a little more than the uncertainty in η 355 (H), σ η = 0.42
• . Also, the remainder is tiny compared with the peak-to-peak amplitude of the pattern, ǫ rms = 0.61
• ≪ 9.7
• . We ignore ǫ in what follows. By (10) and (11), we can determine the coefficients a 
which gives
Similarly, one can calculate the constant termη 355 , η 355 = 45.0190
The five coefficients (13) and the monopole (14) determine the main features of the function η 355 (H) very accurately. The relative importance of the quadrupole and monopole can be inferred by computing the 'power spectrum' P (l) ≡ ( m a
• . The coefficients in (13) give P (2). We get
both in units of degrees squared. The next even harmonic, l = 4, is part of the remainder ǫ that we ignore. It has a power P (4) = 0.4 degrees squared, so P (4) is small compared to the quadrupole P (2). Thus the pattern in Fig. 3 is well approximated by a quadrupole superimposed on a constant monopole. Symmetric Tensor. It is well known that the lth multipole in a multipole expansion determines a symmetric l-rank tensor that is traceless over any two indices. [12] A quadrupole, l = 2, determines a second rank symmetric traceless tensor
The values of the a m 2 are known from (13) and, the dependence on components ofr is known from the right-most version of the spherical harmonics Y 
We have made the tensor symmetric; it is automatically traceless. The determinant, det T = −6.2 ± 1.9, is invariant under rotations. With the tensor representation of the quadrupole, rotations act on a vectorr and on a tensor T as in (16), simplifying transformations to different coordinate systems. Maxwell vectors. These vectors represent multipoles as a sequence of monopole (l = 0), dipole (l = 1), two dipoles (l = 2), three dipoles (l = 3), and so on. [9, 10, 11] Dipoles are vectors and working with vectors is a convenience with abundant mathematical resources.
For the quadrupole term in (11) there are two Maxwell vectors u 1 and u 2 ,
where A is a constant,r is the position unit vectorr(α, δ) in (1). By adjusting the sign of A if needed, we can multiply the components of u 1 or u 2 or both by −1. Thus u 1 and u 2 are non-oriented, bidirectional.
It is important to note that the divergences ▽ in (18) are three dimensional including contributions obtained by changing the radius r. Then the result is restricted to the r = 1 unit sphere S. We choose to leave the factor r 
It follows that the tensor components are given in terms of the vectors u 1 and u 2 by
Comparing the expressions in (20) with numerical values of the components in (17), one can deduce values for the components of the Maxwell vectors u 1 and u 2 and the factor A. We find that A = 3.11 ± 0.11 and
From the dot product, u 1 · u 2 = cos θ 12 , one finds that u 1 and u 2 are nearly perpendicular, differing in direction by an angle of θ 12 = 95.3
• ± 1.8
• . This quadrupole approximates the pattern of two perpendicular dipoles, a 'lateral quadrupole'.
Preferred Coordinate System. In a 'preferred coordinate system', all three ways of describing the quadrupole simplify.
The preferred coordinate system is a rectangular coordinate system determined by three mutually orthogonal unit vectors x ′ ,ŷ ′ ,ẑ ′ that are combinations of the Maxwell vectors u 1 and u 2 . We have
where the ± sign determines whether the coordinates are left-or right-handed and v is the magnitude of vector v. Given a, we get b and c, within signs, because a 2 + b 2 = 4. Clearly, u 1 = (ax ′ + bŷ ′ )/2 and u 2 = (−ax ′ + bŷ ′ )/2. Since the coefficients here are the coordinates of u 1 and u 2 in the preferred coordinate system, the Maxwell vectors are
Substituting these components in (20), we get T ′ , the traceless, symmetric tensor in the preferred coordinate system,
Note that T ′ is both diagonal and traceless, with determinant ( 
where, as previously, k = 15/ (16π). In the preferred coordinate system the Maxwell vectors, the tensor, and the spherical harmonic coefficients are all simple functions of the vector magnitudes a = u 1 − u 2 and b = u 1 + u 2 . The formulas (22) 
from which we can get u 
One can check that the trace and determinant of T and the quadrupole power P (2) are equal in Equatorial and preferred coordinates.
Distributions at various positions
At each position H, the 355 polarization angles referenced to H form a distribution with values ranging from 0
• . In this section we look at the distributions at an ordinary position with an average η 355 (H) and at the positions with maximum and minimum η 355 (H).
As an ordinary position with a near-average value of the function, let H op be {RA,dec} = {50
• , 15
• }, where one finds that η 355 (H op ) = 46.1 • which is a little more than 1
• above the averageη 355 of 45.0
• . It is clear from the graph, fig. 4 , that the distribution of angles η i (H op ) is nearly a straight line. This is typical for the ordinary positions I have looked at. At ordinary positions, the distributions of angles η i (H) approximates closely the uniform distribution.
The uniform distribution η U i , superscript U, has 355 evenly spaced angles from 0
where N = 355 is the number of QSOs in the catalog. One supposes that the uniform distribution η U i is likely for the polarization angles of independent QSO sources. Thus, on the sky at positions where the function η 355 is close to its average value, the distributions of the observed polarization vectors of the 355 QSOs are consistent with independent non-interacting sources.
We turn now to the observed distributions of polarization angles η i (H) at the max and min positions labeled '+' and '−' in Fig. 3 . At these positions, the distributions of the angles η i (H) differ the most from the uniform distribution.
The observed distributions toward H min and H max are plotted in fig. 5 with the uniform distributions plotted for comparison. Note that the angles η i are sorted. For H min the angles increase from 0
• to 90 • while they decrease with increasing i for H max . So the ith QSO for one distribution is not the ith QSO in the other distribution, and both differ from the ith QSO in the catalog, in general.
It is clear from the graph that the deviation from the uniform distribution is maximized at mid range angles η i ≈ 45
• . See fig. 5 . The arc-like distributions can be approximated by 12 smooth quadratic functions. For the distribution at H min we have
where the negative subscript η − indicates the ith polarization angle is less than the ith value in the uniform distribution η U . At best fit µ = 31.2 • ± 1.0
• . For the distribution at H max we have
where the positive sign in the subscript indicates η + i ≥ η U i for any i. Here the best-fit is found to have ν = 26.8
• ± 0.9
• . The distributions η − and η + at H min and H max , respectively, form smooth arcs in Fig. 5 that can be approximated by the quadratic functions in (30) and (31). The smooth arcs formed by the observed polarization angles of the QSOs suggests that some large-scale mechanism exists to shape these distribution curves.
Breaking the catalog into regions
Motivated by alignments in the CMB temperature field, we search in this article for large scale deflections of QSO polarization vectors toward a particular direction. It is clear from the previous sections that the catalogued polarization vectors skew toward H min . However, the catalog favors the regions A1 and A3 defined in Ref. 1 as A1: 168
• ≤ α ≤ 218
• and −40
• ≤ δ ≤ +50
• and A3: −40
• . Thus 183 of the 355 QSOs in the catalog reside in A1A3's 20% of the sky. Since these are regions where QSO polarization vectors tend to align, we need to check if the catalog-wide effect found above is global or is it related to the alignments of the QSOs in regions A1 and A3. And we would like to know if any effect remains once the 183 A1-A3 QSOs are excluded.
In this section we split the catalog into 183 A1-A3 QSOs and the rest, the 172 QSOs not in A1 or A3. The calculations of the previous sections are applied with the 183 QSOs in regions A1 and A3. Then we process the 172 QSOs that are not in A1 or A3.
We get two additional quadrupole patterns, one for the 183 QSO subset and one for the 172 QSO subset. The quadrupole patterns are faithfully rendered by the Maxwell vectors u 1 and u 2 with constant A. This information is collected in Table 1 . We see that, compared to the full catalog, the 183 QSO sample shifts u 1 and u 2 toward the Equatorial coordinate axes, with u 1 coincident with the negative z-direction and u 2 coincident with negative y. The so called 'preferred direction' along u 1 × u 2 aligns closely with negative x.
Thus the u 1 and u 2 Maxwell vectors of the 183 QSO sample determine a near-Equatorial coordinate system which has directions determined by the plane of the Earth's equator. Other planets have other equatorial planes, so the coincidence suggests a local deflection of polarization vectors, which without convincing corroboration must be deemed unlikely. The interesting outcome is that a preferred coordinate system is determined by QSO polarization vectors.
It is difficult to say what such alignments could mean. Before wondering about that, we should check to see if the patterns are significant and compare their strengths with random polarization angles.
To judge the strength of the patterns, we compare the quadrupole powers P (2) for the three samples. See Table 2 . The 183 QSO sample has the best quadrupole power P (2) = 29.5, with the 172 QSO sample worst at 11.8.
To help judge the effect of sample size and to get quantitative information on what random polarization angles would give, we replace the measured polarization angles with random values between 0
• oriented clockwise from North with East to the right at each QSO. QSO locations are not changed. The quadrupole power of the resulting patterns is called P Ran (2) and listed in Table 2 . All three samples have P Ran (2) about one sigma away from zero, as one would expect. Also as expected, the entire 355 QSO sample has the best statistics with the lowest P Ran (2) = 3.7 ± 3.4, with the 183 and 172 samples much larger at about 6 and 10, respectively.
Since both the 183 QSO sample and the full 355 QSO sample have powers P (2) that exceed random by a factor of about five, both samples generate significant patterns. The 172 QSO sample of QSOs outside of A1A3 lags in both statistics and power. The 172 sample is so weak that its quadrupole power, P (2) = 11.8, is as likely as 172 QSOs in the same locations but with random polarization directions, P Ran (2) = 9.7 ± 6.8 .
It is reasonable to conclude that the 183 QSO sample drives the pattern found for the 355 QSO catalog discussed in the previous sections of this paper.
Thus the method here differs from the analysis of Ref 1, but yields much the same results. This may be expected since we use their catalogued data. Here we find that QSOs in regions A1 and A3 have polarization vectors skewed toward a particular direction by a few degrees on average, whereas Ref. 1 found mutual alignments of neighboring QSOs in A1 and A3. However the limited data available for QSOs outside of regions A1 and A3, some 80% of the sky, preclude any conclusion about effects there. Since the goal here is to find a global CMB-like effect, we wait for more data to be developed. A survey of significantly polarized optical QSOs in the higher latitudes of the Galaxy would be welcome. 9.7(6.8) Table 2 . Quadrupole powers P (2) for the three samples. The 183 QSO sample and the 355 QSO sample have significant quadrupole patterns because their quadrupole powers P (2) exceed random by a factor of 4 or 5, with P (2)/P Ran (2) = 29.5/6.2 ≈ 5 and P (2)/P Ran (2) = 14.6/3.7 ≈ 4, respectively. However, the pattern for the 172 QSOs is not significant because the ratio P (2)/P Ran (2) ≈ 1.2 and the quadrupole power 11.8 is well within the plus/minus value of random, 11.8 < 9.7 + 6.8 . The distributions of polarization angles η − and η + with respect to positions H min and H max deviate most from the uniform distributions, the straight lines. The fit of the observed polarization angles to parabolic arcs suggests that some large scale mechanism exists that skews the distributions toward H min and away from H max . What mechanism(s) could accomplish this?
